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Quantum algorithms for classical problems

It appears generically difficult to efficiently classically simulate certain
quantum mechanical systems

Similar space and time savings may be possible for more general dynamics?

Roadblock and question

How can we practically compile non-unitary tasks and non-linear transfor-
mations to computing devices built around unitarity and linearity?

@& Linear combinations of unitary transformations ...
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Today

A taxonomy for quantum numerical linear algebra
Walking through recently developed algorithmic families?
Ultimate bounds on unitary techniques

Numerical tips & tricks in practice

Applications & open problems

1Bits & pieces of LCHS, QET, LCHM, G-QSP, ...
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Trends in quantum numerical linear algebra

Growing toolkit for matrix methods, built around block encodings

IA—a((0leDU10)® DIl < (1)
Costs split across initial state preparation, block encoding construction,

queries, and amplification

Maps for singular values & eigenvalues [ , , 1, general
matrix decompositions [ 1, generalized product formulas [ 1,
randomized techniques [ 1, widely applied to to simulation, linear
systems, PCA, statistical inference ... [ ]

Less addressed: compilation for real instances
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I\ Limitations of current methods

Diverse costs: initial state preparation, block encoding construction,
amplification, etc. are all relevant!

Structural mismatch: common problems aren’t always easy to state unitarily

Small toolkit: we have good tools for spectral maps and linear combinations,
but not other common matrix functions

Inflexible compilation: when scheduling these families of algorithms to
hardware, our choices are limited
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Linear combination of Hamiltonian simulation (LCHS)

Originally formulated to handle time-dependent, inhomogeneous, linear
differential equations ... [ , ]

u=-AM®u()+b®), u(0)=u,, (2)
which boils down to approximating formal solution
t
u(t) = Uy (D, +f U,(0Db(s)ds, U= {e A} (3)
0

and computing state preparation, block encoding, query, amplification, and
discretization costs
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Linear combination of Hamiltonian simulation (LCHS)

Originally formulated to handle time-dependent, inhomogeneous, linear
differential equations ... [ , ]

u=-AM®u()+b®), u(0)=u,, (2)

which boils down to approximating formal solution

u(t) = Uy ()uy + f U0bE)ds, U@ =g {10} )
0

and computing state preparation, block encoding, query, amplification, and
discretization costs

Parameters include t, €, a, k, and cost is sensitive to properties of A!
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Existing work

Given kernel function f whose FT decays rapidly, for! A =L +iH, we can use
sums of unitaries to approximate non-unitary transforms [ , ]

1For L > 0, and some additional conditions on f
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Existing work

Given kernel function f whose FT decays rapidly, for! A =L +iH, we can use

sums of unitaries to approximate non-unitary transforms [ , ]
Vx=0, e *= f f(k)e‘ikx dk = 4)
R
. 1 2 .
Vit > O, e—(L+1H)t — _f (k)e—l(kL+H)t dk (5)
V 27T Rf

We truncate at R, and LCU says query cost? should be @ (aRt +loge™!)

Even in homogenous, time-independent case, R and || f |I;: introduces
nonideal polylog £~! dependence, and expensive quadrature

1For L > 0, and some additional conditions on f
2To prepare evolved state, we also need amplification by || fll;: R ORI D EE . €
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LCHS: toward an ‘optimal’ approach
Mathematical observation: contour integrals admit approximate, operator
versions with flexible parameters

Utility: linear combinations of Hermitian evolutions can be related to
non-Hermitian evolutions weighted by fuzzed FT’d coefficients

Vx=0, le*—f(x)|l<e = (6)
: 1 " .
YVt > 0, e—(L+1H)t ~ _f (k) e—z(kL+H)t dk. (7)
V 27T Rf
Contributions of [ 1: a good choice of contour, simple quadrature, and

block encoding to greatly reduce costs!
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Contour integration

Basic results in complex analysis relate integration over curves in complex
plane to the evaluation of functions!

1E.g., sums of residues enclosed by the contour.
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Contour integration

Basic results in complex analysis relate integration over curves in complex
plane to the evaluation of functions!

Common practice: take real integral transform over line, and relate to
complex integral over some closed contour

As integral is invariant under contour deformation,?2 and we’re interested in
evaluating at poles, we have huge freedom in both contour and kernel!

Finally, almost all of complex analysis lifts from statements on scalar
functions to normed (Banach) spaces — perfect for matrix functions

1E.g., sums of residues enclosed by the contour.
2And analytic changes away from evaluation point! 2nrog. ecc.u-tokyo.ac. p 10



Contour chosen
by [LS25]

2z = Re'?
. A
Z=X+1Y,
I <«
IZ
X
z2=1 A
I >
z=R
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Bounding error from the ideal transform

We relate a finite, real-line integral to a contour integral evaluating desired
time-ordered exponential

iR
Op(t) = —— KU (t;k) dk,
M) mf_Rf() (t; k)

1 ~ t ! . I !
U, (D) = Ei{f(z)U(t;z) dz = —-U(t;1) =£T{e_f0L(s)+’H(s)ds }
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Bounding error from the ideal transform

We relate a finite, real-line integral to a contour integral evaluating desired
time-ordered exponential

Then we argue properties of each piece of the difference

U, (t) =j{g(z)dz= AR Iy AR L AR (8)
T

f fg(kJriyo)dk
R\[-R,R] R

104(6) = Uy (D] < + 9)
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Bounding error from the ideal transform

We relate a finite, real-line integral to a contour integral evaluating desired

time-ordered exponential

Then we argue properties of each piece of the difference

U, () = j{g(z)dz =L+, +1,+1,
r

f fg(kJriyo)dk
R\[-R,R] R

Crucially, /, will no longer have to converge to 0 as y, — oo

104(6) = Uy (D] < +

zmrQg

(8)

9)
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Taking fz, for any ¢ >0,y = 1/+/c, we can show
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Taking fz, for any ¢ >0,y = 1/+/c, we can show

1 ~ 2.2
—— | 1 (k=i2cy?;y,0)|dk <e ¢ <, 10
\/ﬂfR £, ( y5;v,c) (10)
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Taking fz, for any ¢ >0,y = 1/+/c, we can show
1 7 . 2 c—c2y?
E | f,(k—i2cy®;y,0)|dk <e° 7V <k, (10)
R

where y =@ ([1/c]log!/? [e°/€]).
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Taking fz, for any ¢ >0,y = 1/+/c, we can show
LJ‘ £, (k—i2cp*y,0) | dk < e <¢
\/ﬂ R 2 BN >

where y = @([1/c]log/? [e°/€]). Proof follows from the form ofj?2

|]? (z;y,0)| = \ E ¢’ |e—(z2+1)/4y2_icz
2 N &) T | 1 n 22 | ,

zmrQg
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Taking fz, for any ¢ >0,y = 1/+/c, we can show
1 7 . 2 c—c2y?
E | f,(k—i2cy®;y,0)|dk <e° 7V <k, (10)
R

where y = @([1/c]log/? [e°/€]). Proof follows from the form ofj?2

R 2 e .
|fz(Z;)/,C) | =\ — |e—(z2+1)/4y2_lcz , (11)

a|1+22|

and applying basic inequalities for z = x + iy, for y, = 2cy? optimally. This,
together with ||U(z;t)|| <1 bounds I, from above!
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Choosing kernels and contours

We can choose f to be entire!, e.g., the convolution:

2

flx) = e~ lxtelte g p=xy? (12)

1This means Fourier coefficients decay superpolynomially.
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Le., that the FT of our kernel approximates exponential decay; more
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Choosing kernels and contours

We can choose f to be entire!, e.g., the convolution:

2

flx) = e~ lxtelte g p=xy? (12)

Le., that the FT of our kernel approximates exponential decay; more
generally we can explore parameterized family:

N (y + 1)j—1 eC(l—ik)e—(1+k2)/(4y2)
fy0y,0) = . ___

’ V2 (1 —ik)(y +ik)’
For Vj =1,y >0,y > 0,c € R our choice?

(13)

Note pole at k = —i, and lack of decay over lower half-plane

1This means Fourier coefficients decay superpolynomially.
2Usually y =1 is chosen and suppressed. R CEE B DeaE S 14
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Integral quadrature
We have to break our real integral into a sum
Let A=L +iH for L, H finite L, norm

Choosing €, R, y, and c, one can argue a sufficient uniform step-size of
h=G (Ll +1log (1/€)]171) allows us to bound error:
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Integral quadrature
We have to break our real integral into a sum
Let A=L +iH for L, H finite L, norm

Choosing €, R, y, and c, one can argue a sufficient uniform step-size of
h=G (Ll +1log (1/€)]171) allows us to bound error:

WU () =T'll<e+&, (14)

where I' is the uniform h-discretization of O, (t).

While technical, convergence of this simple discretization is established by
[ 1 for functions analytic in finite strip?

1Because U (t;z) can be shown to be entire, this result lifts! R CEE B DeEE S
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assume f(z) — O for |z| — oo, and (z +1) f(2) analytic with residue i/v 2.
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Thm 1: Let t =0, A= L+ iH for ||L||;1,|IHIl;: < oo, and! L > 0. On strip
assume f(z) — 0 for |z| — oo, and (z +1) f(2) analytic with residue i/v/ 2.
Then finite integral error bound holds!

Thm 2: Fix € and 122,1 for any ¢ >0, with y =60 ([1/c]/c+loge~1) and
R = 2cy?. Then real integral approximates ideal evolution to precision .

Thms 3 & 4: Fix €' and parameters above; then choice of h-discretization
h=<o(IILIl, +log(1/£’)]_1) bounds error to € + €.

Here meaning PSD.
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Optimal LCHS: formal theorem breakdown

Thm 1: Let t =0, A= L+ iH for ||L||;1,|IHIl;: < oo, and! L > 0. On strip
assume f(z) — 0 for |z| — oo, and (z +1) f(2) analytic with residue i/v/ 2.
Then finite integral error bound holds!

Thm 2: Fix € and 122,1 for any ¢ >0, with y =60 ([1/c]/c+loge~1) and
R = 2cy?. Then real integral approximates ideal evolution to precision .

Thms 3 & 4: Fix €' and parameters above; then choice of h-discretization
h=<o(IILIl, +log(1/£’)]_1) bounds error to € + €.

Moreover, we can block encode U, (t) to precision " using LCU PREP and
SEL with two-qubit gate cost @ (log (IIL|l,, +loge ") log*?e™") and
0 (Qlog (IIL1l,, +loge™)) respectively?

Here meaning PSD.
2Here meaning more than the full +R integration. 3 R O ETD.eE D
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On optimality
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On optimality

A series of papers on this subject claim successively stronger notions of
optimality in simulation and linear systems solving
[ , ; . ]

For [ 1, they provide a Q(uat) query complexity lower bound! for
diffegs,? though multiplicative lower bound in loge™" is not found

Kernel parameters in generic setting can be computed by gradient descent

I\ Statements of optimality are made in time-independent case, while for
time-dependent we get logarithmic overhead [ ]

Here u = |ugy|/lu(t)|
2Basically summarized by imaginary time evolution case znreg. ecc.u-tokyo.ac. jp 17
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s Sidenote on LCU costs

Beyond time evolution, we have to prepare an approximate block encoding
of A=L+iH

Both the L! norm of f and R (which itself depends on kernel!) enters into
subnormalization and thus overall complexity

The work of [ 1, given uniform quadrature, can also exchange log (R/h)
space for cheaper gate complexity! in superpositions of kernel functions

Notably: choice of quadrature means a; , , ~ o, where the former is the

LCU-subnormalization for our discretized integral, and the latter the L’
norm of our kernel function

1Ab0ut R3/2 log (R/S) zmr@g.ecc.u-tokyo.ac.jp 18
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Limits of simulation methods

Desiderata in Hamiltonian simulation include polylog(1/¢) precision
dependent, near-linear time-dependence, and good constant factors ...
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Limits of simulation methods

Desiderata in Hamiltonian simulation include polylog(1/¢) precision
dependent, near-linear time-dependence, and good constant factors ...
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Limits of simulation methods

Desiderata in Hamiltonian simulation include polylog(1/¢) precision
dependent, near-linear time-dependence, and good constant factors ...

In unstructured case [ 1 only coefficient weights and spectral norms
matter,’ and polylog(1/¢) isn’t permitted

Commutator [ 1 versus spectral norm scaling [ ], etc ...

Reasonable structure, cheap block encodings, flexible precision, and device
characteristics affect method deeply!

1Even here, careful composition of higher order and randomized Trotter TR 0D



Extensions, insights,
and related work
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%) What’s left in quantum simulation?

Low-energy [ 1, symmetry-adapted [ 1, or randomized
simulation [ ]

End-to-end compilation on specific hardware
Methods for generic integral transforms and kernel optimization [ ]
Clarifying conditions under which lower bounds hold [ ]

Relaxing circuit forms, hybridizing methods, and applying classical
numerical tools exposes weakly formulated lower bounds

cc.u-tokyo.ac.jp 21
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Building bridges to higher-order methods

Everything we’ve discussed has relied on block encodings

Q1: What can we do given access to non-unitary dynamics?
Q2: What can we do with near-unitary dynamics?
Q3: What is the irrep-label equivalent to eigenvalue processing?

Q4: Which methods can furnish more fine-grained lower bounds?

c.u-tokyo.ac.jp 22
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¥y To take home

Simulation lower bounds are over-generic and experimentally un-generous

Adapted simulation methods are still limited: e.g., low-energy,
time-independent [ , ]

Matrix equations, algebraically constrained dynamics, and operator
approximation techniques are still only cursorily applied [ , ]

Functional analytic techniques are flexible, well-understood,
numerically friendly, and apply to settings well beyond spectral maps
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