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Quantum algorithms for numerical linear algebra

Numerical linear algebra undergirds the study of classical algorithms

[ ) ]

Matrix methods pervade signal processing, differential equations, statistics,
machine learning, and the discrete analogues of huge swaths of functional
analysis! [ , ]

Quantum algorithms are not unique in this [ , 1; our
understanding of most quantum algorithms is rooted in matrix methods

[ ; ]

The result — a growing, numerically-stable toolkit to interpret, optimize,
and communicate quantum algorithms
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The modern quantum algorithmic landscape

Inversion, phase estimation, QR/LU/polar decomps, SVDs, exponentiation, linear
combinations, diffeqs, matrix equations, contour integrals ...

A AT i =A(Ou+b(0)
A N eiAt
e(A+iB)t — ff(k)e(kA+B)t dk
(A,B) — f(A,B) These methods are incredibly flexible,

and allow importation of/comparison
with diverse classical techniques!
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A note on matrix algebras

This work concerns the efficient realization of various matrix manipulations
by quantum algorithms
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A note on matrix algebras

Square matrices over C admit associative algebra, i.e., addition,
multiplication, scalar multiplication

Cy=) AuB; < C=AB
k
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A note on matrix algebras

Functions of matrices are often defined spectrally, and algorithms like QSVT
[ , ] act on the singular values, e.g., if M = ULV

f&y) ,
Y =ufEvi=u Vi, Z=diag(&,,&,,..,6, 1)

 fEa)

zmr@g.ecc.u-tokyo.ac.jp 6



A note on matrix algebras

However, there exist other associative algebras for matrices over fields,
including the element-wise product!

zmr@g.ecc.u-tokyo.ac.jp 6



A note on matrix algebras

However, there exist other associative algebras for matrices over fields,
including the element-wise product!

This product appears ubiquitously in classical signal processing, machine
learning, and statistics, and has no simple spectral interpretation!
[ ) , ) 1 E.g., consider f°(A)

zmr@g.ecc.u-tokyo.ac.jp 6



A note on matrix algebras

However, there exist other associative algebras for matrices over fields,
including the element-wise product!

This product appears ubiquitously in classical signal processing, machine
learning, and statistics, and has no simple spectral interpretation!

[ ) , ) 1 E.g., consider f°(A)
Qoo o1 " Aom-1 flag)  flag) - flag,-q1)
a.lo a11 . N f(alo) f(all)

ap10 " ay-1,m-1 f(an—l,O) f(an—l,m—l)

zmr@g.ecc.u-tokyo.ac.jp 6



A note on matrix algebras

However, there exist other associative algebras for matrices over fields,
including the element-wise product!

This product appears ubiquitously in classical signal processing, machine
learning, and statistics, and has no simple spectral interpretation!

[ ) , ) 1 E.g., consider f°(A)
Qoo o1 " Aom-1 flag)  flag) - flag,-q1)
G Ay : | flao)  flag) :
ap10 " ay-1,m-1 f(an—l,O) f(an—l,m—l)

Despite this product’s ubiquity, quantum algorithms for element-wise
manipulations are only cursorily understood [ 1...
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A note on matrix algebras

o

* 0 KX

\otimes
\circ
\boxtimes
\odot
\ast

(Kronecker/tensor product),
(Element-wise product),
(Tracy-Singh product),
(Khatri-Rao product),
(Convolution).
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Main result

Quantum element-wise transform; QEWT!

Let f be a polynomial of degree d satisfying | f| <1 on [—1,1], with coefficients
c,- Then, given access to controlled U, where U is an (@, a,¢) block encoding of
an n-qubit operator A, there exists a quantum circuit preparing a (f3,b,8) block
encoding of f°(A/a) using d copies of controlled U, where (83,b,8) satisfy

d d
B=Y lcl, b=0(a+nlogd), 8=)Icl[A+e/)*-1].
k=1 k=1
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Considers non-linear transformations of amplitudes [
well as iterated element-wise products [ , ]

, , 1, as

Far less is known/optimized for QEWTs,! and we identify an error in the linear

combination of unitaries (LCU) based construction of [ ]
Method Query comp. Aux. space
Prior work [ ] o) 6 (ad +nd)
Main result (Thm. I1.3) o(d) O (a+n(logd))
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I [ Yo fQhy) I (.
lp) * * | — Y, — f@y) — | If)) * *
| [ I (.
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Hardness, related methods, and errata

For diagonal block encodings, element-wise product and matrix product coincide

Cheap methods to convert state preparation unitaries to diagonal block encodings
inform nonlinear amplitude transformations [ , s ]

However, < vectorization comes with unacceptable dimension-dependent
subnormalization, and should be avoided!

Moreover, applying linear combination of unitaries to non-matrix products requires
care! [ ]

Aol =diag(A) #A,  (A°%) x (A%%) = A

All of this establishes query lower bounds, and space/success probability upper
bounds, but leaves huge room for improvement!
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A minimal example
Note — Ao B is principal submatrix! of A® B

Prev methods [ ] permute rows/cols of A®¢ — order nd space!

1Common identity, but for introduction see [ , ] R S B DB



A minimal example

Le., if we have block encodings of A, B, acting on disjoint registers ...

Uper = > Ulep = b. b >
2 U3
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A minimal example

...then a row and column permutation relocates A o B to the top-left

Upep =

aoby
*
"

ayby

*OK X X

* K X X

a;, by
%
X

asby

—

P(A®B)PT —

agby a;b; * x
a,b, asby * x «

* % %

* * % %
X X
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A minimal example

If we then mask unwanted elements by left/right matrix mult ...

1 agb, a;b,

V= — V[P(A®B)PTV = | 2Pz b3 ,
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A minimal example

...and find a way to space-efficiently copy the top-left block, then we can
return to input block encoding form (I ® x)

apby a;by agby a;by

ayby azby ayby, azby
* % agb, a;b;
* % a,b, asbg

=1® (AoB).
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A minimal example
caveat lector!

We have to control gate/query complexity, success prob while making sure
matrix multiplication and currently unspecified copy operation together
require only logd additional space
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Building the swap copy

0m) — 7o

—

) 10y —r2
JR— ’["3

X

UAEB*

%)

[0™) —To
—

0) — 72
—7r3

UI®A®2’IL I

A type of decontrollization; i.e., decouple action of block encoding from state in r
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Building the swap copy

|On> — 70 Ve ~N 7 |0n> —T0 ——

— Tl ::::>\\____ ____//<:;_7L______ — Tl ___7L___

%) 10) —r2 Uags ~ ) 100 —r2 — Urgaeen |——
— T3 + — T3 —r—

A type of decontrollization; i.e., decouple action of block encoding from state in r

Note 1 — the catalytic use of r, depends only on r, returning to |0)

zmr@g.ecc.u-tokyo.ac.jp 12



Building the swap copy

|On> — 70 Ve ~N 7 |0n> — T0 —— ——
D Gt S ] L

) |0y — 72 Ui ) [0y —r2 — Ugaeen ——

— T3 i —r3 —| A

A type of decontrollization; i.e., decouple action of block encoding from state in r

Note 1 — the catalytic use of r, depends only on r, returning to |0)

Note 2 — blocks of BEs are not a ‘resource’; basis dependence means instantiating
space instantiates blocks, which can be permuted around!
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On block encodings with block structure

Let W (*;,%,) a function that takes and returns operators. Let S a set of pairs of
operators and R a set of quantum states s.t. for all (V;,V,) €S, all |r)€R:
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On block encodings with block structure

Let W (*;,%,) a function that takes and returns operators. Let S a set of pairs of
operators and R a set of quantum states s.t. for all (V;,V,) €S, all |r)€R:

Wy, V,) = Ir)rl, UV, V), + ) 1|, o [x].

rirt#r

Then we call W an (S, R)-blocked operator function

Moral — W, together with a copy? of |r), can simulate U; compositions of U, can be
realized by compositions of W, using copies of |r)

Weaving lemma connects |r)-complexity to depth of function call tree
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Nesting swap copy — the weaving lemma

O — * —
O~ =
NSO TS Y
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Nesting swap copy — the weaving lemma

O — * —
O~ =
NSO TS Y

Our swap copy-based element-wise product catalytically consumes! state in r,, and
can call subroutines which themselves require registers

allocates frees R CEE B DeEE S



Nesting swap copy — the weaving lemma

O — * —
o= o
NSO TS Y

At each level r(,rg, ... we will track successful BE applications to ensure catalysis —
auxiliary space then scales with tree depth!
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Nesting swap copy — the weaving lemma

O — * —
O~ =
NSO TN SN LY

Space-efficient tracking of successful BE application is handled by compression
gadget techniques [ 1...
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The compression gadget [
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Ua, Ua, Ua, Uag
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0
]

Given BEs of A;, space-efficiently build BEs of products among A;

Insight — controlled additions to compression register; lose information about which
BE failed, but retain information that at least one did

Linear to logarithmic auxiliary space in product degree!
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Element-wise product — base case
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Standard (compressed) method for matrix product! between M, P(A® B)PT, M'

Followed by swap copy, yielding block encoding (BE) of I ® (A o B)

Register r, records successful BE application by controlled-additions from r,. Here
r, and rg store product, and r, < r; is swap copy

IThis is a block diagonal block encoding containing A o B! R CEE B DeaE S 17
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Recursive construction of element-wise products
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We can recast the base case as a two-slot function taking block encodings to
block encodings with form (I ® x)
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Recursive construction of element-wise products
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Self-embedding circuit involves instantiating swap-copy register r;, and
controlled additions to compression gadget register r,
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Recursive construction of element-wise products

) —n— (1]
o) — 16— : :
Wi W,

Self-embedding circuit involves instantiating swap-copy register r;, and
controlled additions to compression gadget register r,

We recurse on both %, x, for A°? in logd depth (and thus aux space!)
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Linear combination of unitaries

We now have a quantum circuit for BEs of A? for any d —

How do we build BEs of f°(A)
for f a polynomial?

The usual approach is linear combination of unitaries (LCU)
[ , 1, which relies on select unitary

V=Y 1k)k| ®U ok +...
k=1

This needs controlled BEs, and linear query complexity in maximum degree
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LCU for the element-wise product — building select

If we build select for matrix products, then bit-wise controlled powers of
two can suffice [ ]

Ub0U2b1 Uzzbz... = Uzkzkbk
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LCU for the element-wise product — building select

If we build select for matrix products, then bit-wise controlled powers of
two can suffice [ ]

d d
V= I; [ k) (k| rs ® [UA°k]ror1r2r3r4 + [Irs - I; | k) (k| r5] ®Ir()r1r2r3r4'
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LCU for the element-wise product — building select

If we build select for matrix products, then bit-wise controlled powers of
two can suffice [ ]

|0) re @ 5
|b1) T

|bo) T4 t
|0%) ro —# Ua
0%) T2 —# |

) T —F —UAOQTUAT i
0%) — 75 ——— * r

Note — the permutations and swaps are now controlled on the XNOR of the
control bits; this reduces back to matrix product
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Putting it all together

Given element-wise select unitary, standard LCU techniques [ ] can
achieve linear combinations of A°

joMog a1y s 4 PREP | L {pREPT [
|0m> T4 a
|0b> — g T(()UogdW) S R— -
‘0a> T2 7
1 7
)
r3 7

Degree d LCU requires logd space, and introduces subnormalization, error
relating to ¢, norm of coefficients ...
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propagate through our algorithm?
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Error propagation for block encoding methods

Real BEs have subnormalization, aux space, and error; how do these
propagate through our algorithm?

[¢)

* 0 KX

\otimes
\circ
\boxtimes
\odot
\ast

(Kronecker/tensor product),
(Element-wise product),
(Tracy-Singh product),
(Khatri-Rao product),
(Convolution).
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Error propagation for block encoding methods

Real BEs have subnormalization, aux space, and error; how do these
propagate through our algorithm?

® \otimes (Kronecker/tensor product),
o \circ (Element-wise product),

X \boxtimes (Tracy-Singh product),

® \odot (Khatri-Rao product),

* \ast (Convolution).

While element-wise product has unique properties, it is a submatrix of a
matrix product, meaning subnorm and error propagation are
bounded above by simple arguments
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Amplified QEWTs

Let U, be (a;, ;& llAll) block encodings of (possibly non-unitary) A, for k €

{0,1,...,K—1} and Y, &, < 1/2. Then for any 0 < € < 1/2K we can construct an (a',a’,€")
block encoding of the matrix product A, _, ---A; A, where a' satisfies

zmr@g.ecc.u-tokyo.ac.jp 23



Amplified QEWTs

Let U, be (a;, ;& llAll) block encodings of (possibly non-unitary) A, for k €

{0,1,...,K—1} and Y, &, < 1/2. Then for any 0 < € < 1/2K we can construct an (a',a’,€")
block encoding of the matrix product A, _, ---A; A, where a' satisfies

1
50 —a)-lelnAkn <a'=e?(1 —6)‘L1:[IIAkII,

zmr@g.ecc.u-tokyo.ac.jp 23



Amplified QEWTs

Let U, be (a;, ;& llAll) block encodings of (possibly non-unitary) A, for k €
{0,1,...,K—1} and Y, &, < 1/2. Then for any 0 < € < 1/2K we can construct an (a',a’,€")
block encoding of the matrix product A, _, ---A; A, where a' satisfies

1
50 —5)-L1:[||Ak|| =a'=e?(1 —6)‘L1:[IIAkII,

and a' and €' satisfy

a'=maxq, +log(K)+2, & =e? [K£+Z£k]HIIAkII.
k K
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Amplified QEWTs

Let U, be (a;, ;& llAll) block encodings of (possibly non-unitary) A, for k €
{0,1,...,K—1} and Y, &, < 1/2. Then for any 0 < € < 1/2K we can construct an (a',a’,€")
block encoding of the matrix product A, _, ---A; A, where a' satisfies

1
7a =& [[IAN s’ e =8 [ [IIAL,
k k
and a' and €' satisfy
a'=maxa, +log(K)+2, & =e'? [Ke + Zek] [ TUALI.
k k

Moreover, this amplification procedure uses @ (a;/(8|A.l) log (a;/(ellA;l1))) copies of
each controlled-U, and its inverse.
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Common matrix functions

As an immediate consequence, we significantly improve space-use (and
correctness) of machine-learning inference results [ ]
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transformer model inference,
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Common matrix functions

As an immediate consequence, we significantly improve space-use (and
correctness) of machine-learning inference results [ ]
For matrix/vector softmax, appearing as core subroutine in self-attention for
transformer model inference,
— C Xj
softmax(QK/a)V, softmax(x), =e*k/ Z e

J

we reduce auxiliary space from n?log[¢7!] to nlog (nlog[e~1])
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Common matrix functions

As an immediate consequence, we significantly improve space-use (and
correctness) of machine-learning inference results [ ]

For matrix/vector softmax, appearing as core subroutine in self-attention for
transformer model inference,

softmax(QK/a)V, softmax(x), =e*k/ Z exj
J

we reduce auxiliary space from n?log[¢7!] to nlog (nlog[e~1])

For common precisions, this is easily 15-20X space saving!
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2D convolutions

Element-wise products in Fourier basis correspond to convolution in standard basis
— this holds for tensors! [ ]
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K-1K-1

(h# Q) re(ky,kx) = Y Y " h(y,ip)g(ky —j; (mod K),ky —j, (mod K)),

j1=0j,=0
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(h*g)eyre = FT([FhF"] o [FgFT1)F* = F' ([FhF]o [FgFDF",

zmr@g.ecc.u-tokyo

.ac.jp 26



2D convolutions

Element-wise products in Fourier basis correspond to convolution in standard basis
— this holds for tensors! [ ]

K-1K-1
(h# Q) re(ky,kx) = Y Y " h(y,ip)g(ky —j; (mod K),ky —j, (mod K)),

j1=0j,=0

(h* @) e (ky, k) = F L (HoG) = F HF (h) o F (),

(h*g)eyre = FT([FhF"] o [FgFT1)F* = F' ([FhF]o [FgFDF",

This gives a depth n?logn algorithm for computing circular convolution: («,a,€),
(B,b,8) — (apf,max(a,b)+1,ad + Pe +¢e6)
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Non-standard matrix products

3 block analogues of Kronecker & element-wise products (Khatri-Rao [ ] and
Tracy-Singh [ 1) that appear in signal processing/tensor decomp
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Non-standard matrix products

3 block analogues of Kronecker & element-wise products (Khatri-Rao [ ] and
Tracy-Singh [ 1) that appear in signal processing/tensor decomp

Ago ®Byg  Agp ® By
Ag®Big Ay ®Byy
Ajg®Byy A ®By,
Ajp®Byy A ®Byy

Ag1 ®Byy  Agy ® By,
Ay ®Byy Ay ®Bpy
A;1®By, A;1®By; |7
A1 ®Byy A1 ®Bgy

(M;rM,) =
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Non-standard matrix products

3 block analogues of Kronecker & element-wise products (Khatri-Rao [

Tracy-Singh [ 1) that appear in signal processing/tensor decomp

Ago ® By Ao ® By

(M, 8M,) = Ago ®B1g A ®Byy

Ap1 ® By
Ap1 ®Byg

Ay ® By
Ao By,

A1p®Byy A1p®By;
Ajp®Byy Ap®Byy

Ago ® By

A1 ® By,
A7 ® By

Ap1 ® By

(M, oM,) =
! 2 A9 ® By

A1 ©Bg,

A1 ® By,
A ®Byy

] and
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Non-standard matrix products

3 block analogues of Kronecker & element-wise products (Khatri-Rao [

Tracy-Singh [ 1) that appear in signal processing/tensor decomp

Ago ® By Ao ® By
Ago®Big Ago ®Byg

Ap1 ® By
Ap1 ®Byg

Ay ® By
Ao By,

(M, ®M,) =
! 2 A1p®Byy A1p®By;

Ajp®Byy Ap®Byy

Ay ® B
(M1®M2): 00 00

A1 ® By,
A7 ® By

Ap1 ® By

A9 ® By

A1 ©Bg,

A1 ® By,
A ®Byy

] and

We provide simple quantum algorithms for these products/their hybrids with LCU

and QSVT, all of them space-efficient
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Outlook and extensions

We have a query-optimal protocol for QEWTs that uses only logarithmically,
in d, more space than the diagonal (QSVT) setting

Reducing space use in low rank, near-diagonal, circulant, Hadamard, or
approximate settings ...

Further end-to-end applications for signal processing [ 1, machine
learning primitives [ 1, and statistical inference [ ]
Incorporating randomization [ 1 parallelization [ ] to further

optimize to specific hardware
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Fundamentally distinct from QSVT or LCU, relying on novel subroutines for
space-catalytically transforming block encodings with block structure
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& Take-home
We establish a firm foundation for the theory of quantum element-wise
transforms (QEWTS), rectifying errors in prior work, and reducing space use

exponentially in the degree of the applied function?

Fundamentally distinct from QSVT or LCU, relying on novel subroutines for
space-catalytically transforming block encodings with block structure

Cheap nonlinear transform for high-dim data, ubiquitous to machine
learning, signal processing, and statistics
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& Take-home
We establish a firm foundation for the theory of quantum element-wise

transforms (QEWTS), rectifying errors in prior work, and reducing space use
exponentially in the degree of the applied function?

Quantum algorithms for numerical linear algebra are only
cursorily understood, and rapidly developing!
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